MMAT5390 Mathematical Image Processing
Solution of Midterm Examination

1. (a) Let A= (aij)lgi,jSZa B = (bij)lgi,jSZ and g = O(f) € MQXQ(R), then we have

2

Ga,p = Z aax(z f(xay)byﬁ) = Z Z aarbyﬁf(x7y)7

y=1 z=1 y=1
Which means h®?(x,y) = aa.b,s. Hence the transformation matrix

a11b11  a12b11 aiibar  ajeba

a21b11  Aeb1y  a21bay  aaby biiA by A T
H= = =B A.
airbia @bz airby  aiabar (buA ba2 A @
a1bia  abia  a21byy  a2by
(b) We have
a=2xX2
c+e=3x2
b+c=ax3
e—c=2x4
d—a=3x4
Hence, we can get a = 1,0 =4,c= —1,d = 13 and e = 7. Moreover,
12 2 4
12 3 4 6| (1 2 1 2\ .7
H=136 4 s _(3 4>®<2 3)—3 @4
6 9 8 12

1 2 1 3
Therefore, A = <2 3> , B = <2 4>

(c) In order to make h shift-invariant, H is necessary to be block-circulant. i.e.

(1) =)o 2)=G )

Hence, u = 1,v =4 and w = 1.



310 310 10 6 0
2. (a) ATA=11 3 0 13 0]=16 10 0
0 05 00 5 0 0 25
Hence the characteristic polynomial of AT A is given by
10 — A 6 0
det(ATA—-M3)=| 0 10— A 0 |=—-(A—=25)(A=16)(A—4).
0 0 25— A

Therefore the eighenvalues of AT A are:

)\1 = 25, )\2 == 16, )\3 = 4

For \; = 25,
—-15 6 010 10 0[]0
[ATA—M\LJ0J=| 6 —15 0{0 |~ |0 1 0|0,
0 0 010 00 0]0
0
So v1 = | 0 | is an eigenvector, which is also unit.
1
For A\, = 16,
-6 6 010 1 =1 0]0
[ATA—XoI3l0)=] 6 —6 0|0 |~ |0 O 1]0],
0 0 9]0 0 0 00
1 1 1
So [ 1] is an eigenvector, which gives the unit eigenvector v = — | 1
0 V2 0
For \3 = 4,
6 6 010 11 0]0
[ATA—X\sL3/0)= {6 6 0|0 |~]00 1]0],
0 0 2110 00 0]0
1 1 1
So | —1 | is an eigenvector, which gives the unit eigenvector v/3 = — | —1
0 V2 \ o
1 1 310 0 0
Then 4, = —Av1=—= 1|1 3 0 0l=1{0],
VA 25\0 0 5/ \1 1
310 1 1
1 1 1 1
Vs Vi \g o 5/ V2 \o) V2\o
310 1 1
1 1 1 1
U3 = —=Av3=—=1|1 3 0 1| = -1,
VAT VA \g 0 5) V2 0 ) V210
1 0 1
Hence an svd of A is given by A = UXVT, where U = (i, o, 13) = —= [ 0 1
\/§ \/§ 0
V25 0 0 500 L, [0 11
Y= 0 v 16 0 =10 4 0 andV—(vl,ﬁg,ﬁg)—— 0 1 -1
0 0 Vi 00 2 2\v2 0 o0



(b) The elementary images according to the above svd are given by:

0 000
o = (0] (0 0 1)={0 0 0
1 001
1 (1 1 0
Uty =—= (1] (1 1 0)==(110];
4 \0 000
1 1 1 (1 -10
gy = —= (=1 (1 =1 0)=5 (=1 1 0f;
4\ o 0 0 0
Hence,
A = V250 + V16t + VAol
000 % % 0 : -3 0
=500 0)+4(3 5 O)J+2|-% % o0
001 000 0 0 0
(c) Since A = UXVT, where both U and V are orthogonal matrices, and ¥ =
5 00
040
00 2
5 00 3 . 2 2
We modified £ to obtain ¥ = [0 4 0|, then A=UXVT = [2 2
000 00
Obviously, |A — Al|p = | — |l = 2 and rank(A)=rank(¥)=2
000 %
(d) ObservethatN:(Tl—i—el)ul'Ul +T2U2U2 = (Tl+€1> 0 00 +T72 )
001 0
Hence
A= (5+1+ea)i! + (4+ m)iath + 2i3th
000 i1 i1
2 2
=GB+m+ea)|0 0 0 +(4+m) g g 0+2|—-5 3
001 000 0 0

ot O

N =

=}

o O
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Hence, only A, 1, A; 9, 1212,1 and 12122 are different from A



4. (a) 1. Method 1 (directly):

. | MoIN-l (543)
h(m,n) = f © g(m,n) = —— £k, Dk, e G+ %)
MN k=0 1=0
whereas
M—1N-1
f# gm.m) = Fom )g(m — ', — ')
m/=0n’'=0
M-1 N-1
—2mj (2t —ogj((m=mDK | (n=n')!
M2N2 Flh e 2 CFER) g pyem2ma (U HE50E)

m’,k,k'=0n’l,l'=0

M-1

e’ ! (k—k!Y il +n! (1—1
STy Z Pk, Dg(k, 1y 2 (AR

m’,k,k'=0n/l,l'=

1 M—-1 N-1 9 <(mk’+nl’>
= f(k,Dg(K e "\ TN )5k — kNo(l— 1)
MN k,k'=01,1'=0
1 M—-1N-1 ( X z) .
= —= > flkDg(k, e ETHR) = h(m, n)
MN k=0 [=0

= f(ml’n/)ﬁ(m_m/,n—n/)e%j(%‘*‘"ﬁl)

m(k— k”)+m (k" —k") L= z”)+n - z))

- P Dak 1) e

M—-1 —
Z Z f k/ k// l”)lM (k_k//)lMZ(k/_k//)lNZ<l_l//)lNZ<l/_l//)

k! K/7=0 1,1 =0

= f(k,l)g(k,l) = h(k,1).

g1 gi12 G913 914 0 000
3gs1 0 0 O
b) A _ | 921 922 923 G2 | _ 21
(b) Assume g 931 932 933 g3 |’ enfog gs1 0 0 0}’
ga1 942 943 Ju4 3g1 0 0 O
1 1 1 1 0O 00O 1 1 1 1
N 1 -7 -1 3 3g21 0 0 0 1 -7 -1 3
_ _ 1
f@g—U(f@g)U—m 1 -1 1 -1 g1 0 0 0O 1 -1 1 -1
1 7 =1 —j) \3gss 0 0 0/ \1 5 -1 —j

3921 + g31 + 3ga 3921 + g31 + 39a1 321 + g31 + 3911
1| =931 +3(9a1 — g21)]  —g31 +3(9a1 — 921)J  —931 + 3(ga1 — 9gn)J
16 931 — 3g21 — 3941 931 — 3921 — 3941 931 — 3921 — 3941
=931+ 3(g21 — 9gn1)J  —g31 +3(921 — ga1)]  —g31 + 3(921 — ga1)J



13 13 13 13
_ Jg* §= -1 -1 -1 -1
—11 —-11 —-11 -11
-1 -1 -1 -1
By elementwise comparison, we must have

3921 + 931 + 3941 = 13 X 16
—g31 + 3(ga1 — g21)j = —1 x 16

g31 — 3921 — 3941 = —11 X 16
—g31 +3(921 —ga1)j = —1x 16

*
32
16
32

Therefore we know that g = , where * stands for any number.
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5. g(k,1) = g(—=k — ag,l — bg) forany 0 <k < N —-1,0<[< N —1. Then

1 N—-1N-1
2z ~ _ mk+nl
g(m.n) = gk, 1)e=2m
k=0 [=0
1 N—-1N-1
727ijk+nl
=Nz Zg —k —ag,l —bp)e N
k=0 =0
— N—1—bg
1 X o =m(k tag)+n(t+by)
(let K =~k —ap,l' =1 = bo) =~ S gk, e
k'=1—N—ag l’:—bo
—ap —1-bg
_ 12 g _2717 mk]:/-%nl’ e_zwj—aorx]-!—bon
N
k'=1—N—ag U'=—bg
1 agm+bgon - —l—bg k’+ G
—2mj —O00% 1ogn —2mj —RE R
= 73 E g(k e N
NZ
k'=1-N—ag I'=—
—ao —1
_ 1 e,zmw Z l>672m —mk +nl/
N2 §
k'=1-N-— =0 l’:—bo
. " / 1 _Qﬂjw — —27U —mk’ +nl
(letting I" =1"+ N) = ¢ & Z
k'=1—N-—aqg =0

/ 1"
+ E : k/ " — ) _zwj%(l*m)

1"=N—bg
—ag N—1-bg

- 1 . —agm n m !
by periodicity and e?*™" = 1) = o m e g(K',1)e o =kl
N2
K=1-N—ag I'=0

l//

+ § : k/ l// _Qﬂj%

1"=N—bo
apmAbon —ao N-1 )
(rewrite I and 1" as [) = — —2mj TR0 gk, l)e_zﬂjw
N K'=1-N—ag 1=0
1 . —agm+bgn N-1 N-ao (0
(letting k" = k' + N) = —e >~ ) ( Z g(K' — N, D)e 2"~ )
N 1=0 k'=1—ag
) 1 _a0m+b0n N—-1 N-—ag R
(by periodicity and erim — 1) = m@—%ﬂ ( Z g(K", l)e_zmﬁ)
1=0 k'=1—ag
N-1 -1
_ L ammiten >
N2
=0 k"=l-ao
g m (k") +nl
+ Z g(k”,l) —27j )
k""=0

N-1 N-1
1 —agm n L —m (k" — n
(letting B = k" + N) _ N e—zm 0 +bo Z( 2 : g(k/// . N, l)€—27r] (k NN)-&: l
=0 k"'=N-—ap+1
N—ag

1
£y gk, e

k"'=0



N-1 N-1

SN ES: j 1 o zeamtbgn o —mk" 4nl
(by periodicity and ™™ = 1) = ~2¢ 2N E ( E g(K" e ?™ =N
I=0 K"=N—-ag+1
N—ag &)l
/i —QWJM
+ D gk De N
k=0
N—1N-1
: " " 1 —onjZo0mtbon " _opj=mkinl
(rewrite k" and k" as k) = Nz° N g(k" e N
1=0 k=0
N—1N—-1
1 —27rj7_a0m+b0n (l{?” l) —2mj =mktnl
= ——¢€ N g , (& N
N2
k=0 1=0
_ :—agm+bgn
—e M n (—=m,n)



